We show that gravitational Chern-Simons corrections, associated with the sigma-model anomaly on the M5-brane world-volume, can resolve the M2-brane solution with Ricci-flat, special holonomy transverse space. We explicitly find smooth solutions in the cases when the transverse space is a manifold of Spin (7) holonomy and SU(4) holonomy. We comment on the consequences of these results for the holographically related three-dimensional theories living on the world volume of a stack of such resolved M2-branes.
Introduction
The original AdS/CFT correspondence is an equivalence between Type IIB strings moving in the near horizon geometry created by a stack of N D3 branes and N = 4 SU(N) gauge theory which is the infra-red limit of the theory living on the world volume of the branes [1] . In the large N limit, with g 2 YM N fixed but large, tree level supergravity is a good approximation to string theory. The α ′ and g s expansions in string theory map to 1/ g 2 YM N and 1/N expansions in the gauge theory. Stringy effects in AdS spaces are hard to compute since it is difficult to quantize strings in RR backgrounds. However, we know some α ′ corrections to the low energy space-time effective action in the form of higher curvature corrections of the form α ′3 R 4 . Such an α ′ expansion should contain information about the strong coupling expansion of the gauge theory [2] .
We can study similar questions in the context of M-theory on AdS 4 × X 7 with AdS scale R ≈ l p N 1/6 . In this setup, l p /R corrections to supergravity go like 1/N 1/6 .
In this paper, we consider higher curvature corrections to 11 dimensional supergravity action which are the gravitational Chern-Simons terms arising from the σ-model anomaly on the M5 brane world volume, thereby modifying the Bianchi identity for the five brane. Such corrections, schematically go like l 6 p R 4 and hence correspond to 1/N effects in the corresponding holographic field theories. Specifically, we consider the correction to classical M2-brane solutions arising from such gravitational Chern-Simons terms, when such M2-branes have transverse spaces which are Ricciflat deformations of cones over seven dimensional Einstein manifolds. Branes at such conical singularities have been studied extensively for the past few years and we briefly recap some of the features salient for our study.
In the search of a string dual for four dimensional gauge theories with lesser supersymmetry, variations of the original correspondence involve placing D3 branes at the apex of a Ricci flat six dimensional cone whose base is a five dimensional Einstein manifold X 5 [3] . This leads to the conjecture that type IIB string theory on AdS 5 × X 5 is dual to the low energy limit of the theory on the D3 branes at the singularity. For the conifold singularity, X 5 is the Einstein space T 1,1 . Adding fractional D3 branes, (D5 branes wrapped over two-cycles of X 5 ) introduces a nonzero three-form RR flux through the three-cycle of T 1,1 and results in a non-AdS bulk solution. Correspondingly, on the gauge theory side, fractional branes lead to a non-conformal gauge theory with running couplings. Supergravity solutions for such configurations of D3 branes were considered in [4, 5] . The solution in [5] that includes fractional D3-brane, was singular. In [6] , the singularity was resolved by replacing the singular conifold by a (smooth) deformed conifold [8] . This regular supergravity solution realized the chiral symmetry breaking and confinement of the dual N = 1 supersymmetric four-dimensional gauge theory geometrically (see also [7] .
It is possible to generalize the above setup to other p-branes placed at tips of other cones, i.e. the transverse space to the p-branes is a cone ds 2 = dr 2 + r 2 ds 2 X , where ds 2 X is the metric on an Einstein manifold X, which is called the base of the cone [9] . Turning on additional F 6−p field strengths corresponds to deforming the holographically related field theory. In [10, 11] (for a review see [12] ), it was shown that after addition of such fluxes regular solutions can be obtained which have the feature that the singular conical transverse space is resolved in the IR region of the field theory. Also, these solutions generically do not have horizons, implying that a mass gap has been generated in the dual field theory.
In finding smooth, non-singular solutions, a crucial role is played by the ChernSimons type terms with additional field strengths which modify the Bianchi identities and/or equations of motions for the original field strength. Note that the additional field strengths F 6−p are supported by harmonic forms on the special holonomy space, and in particular the L 2 normalizability of these harmonic forms ensures that the solutions are regular both in the interior and at large radial coordinate r. For most of the cases and in particular for resolved M2-branes and D2 branes [10, 11, 13, 14] , with the transverse space asymptotically conical (AC) Spin(7) and with G 2 holonomy, the asymptotic form of the field strength was such that it did not produce any new flux at infinity. As such, these configurations do not describe gravity dual of fractional branes [15, 14] but perturbations of the boundary field theory living on a large stack of regular branes by relevant operators. The power law fall-off of the field strength determines the dimension of the operator to be added to the gauge theory action.
In this paper we focus on another aspect of resolved brane solutions which is due to the gravitational Chern-Simons type corrections. These terms, first established within Type II string theory [16] , have their M-theory analog due to σ-model anomaly on M5-brane. Within eleven dimensional supergravity we shall find explicit solutions for resolved M2-brane due to these higher derivative corrections.
1
Some of the aspects in connection with M2-branes and gravitational Chern-Simons terms were studied earlier in [17, 20, 21, 22, 23] . We extend this analysis by finding explicit solutions for such M2-branes whose eight-dimensional transverse space is a Ricci-flat deformation of cones over seven dimensional Einstein manifolds. These are non-compact, smooth spaces with special Spin(7) and SU(4) holonomy, i.e. Ricci flat spaces with at least one covariantly constant spinor, and whose metrics are explicitly known.
The starting point is the Ansatz for the original M2-brane solution:
where ds 2 8 is a Ricci-flat transverse metric of Spin(7) or SU(4) holonomy. Without taking into account higher curvature corrections, the function H is harmonic, satisfying the equation 2H = 0 where 2 is the Laplacian on the Ricci-flat transverse space. H turns out to be singular at the inner boundary of the transverse space. We shall however see that the inclusion of the gravitational Chern-Simons-type corrections, which are of the type ∝ Tr(
Tr(R 2 ) 2 , the singularity of the solution can be resolved. No inclusion of the four-form G 4 supported by the special holonomy transverse space is needed. In addition, the gravitational Chern-Simons term induces a bulk M2 brane charge and the solution asymptotically approaches AdS 4 × X 7 where X 7 is the base of the transverse cone. However, since the only scale in the problem is l p , the solution has a characteristic curvature scale of order l p and thus supergravity approximation cannot be trusted. As we will see later, to get a good supergravity description, we indeed need to turn on four-form field strength G 4 in such a way that the curvature of the solution is everywhere much smaller than l p .
The paper is organized as follows. In section 2, we discuss generalities about the gravitational Chern-Simons eight-form σ model anomaly. In section 3 ,taking into account the correction to the M2-brane equations of motion from this term, we explicitly construct smooth M2-brane solutions for the case with the transverse space is one of two different metrics of Spin (7) holonomy, one originally constructed in [24, 25, 26] and the other recently found in [27, 28, 29] which is asymptotically locally conical (ALC). The corresponding dual (2+1)-dimensional field theories have N = 1 supersymmetry. In section 4, we repeat the analysis when the transverse space is T * S 4 , with Stenzel metric which has SU(4) holonomy. The holographically dual (2+1)-dimensional field theory on the world volume of the M2-brane has N = 2 supersymmetry. In concluding section 5, we comment on the interpretation of our result in the dual field theory. In Appendix A we present the details of the calculation for the Ricci tensor and curvature for a class of Spin (7) holonomy metric and in Appendix B we collected the details for the calculation of the harmonic functions.
Gravitational Chern-Simons corrections and M2-branes
The bosonic sector of d = 11 supergravity [30] is given by
where g M N is the space time metric and A is a three form with field strength F = dA. The field strength obeys the Bianchi identity dF = 0 and its equation of motion is
The gravitational Chern-Simons corrections associated with the σ-model anomaly on the M5-brane [17, 16] , modify the equation:
where β is related to the five-brane tension as T 6 = β/(2π) 3 and the eight-form anomaly X 8 can be expressed in terms of the curvature two-form Θ:
The equation of motion (3) can be derived from the action (1) with the addition of the following term:
We look for solutions with (2+1)-dimensional Lorentz invariance:
Here, we have also added a harmonic four-form G 4 on the transverse eight-manifold. This ansatz preserves supersymmetry as shown in [21] if
where X 8 = X 8 dvol 8 , dvol 8 is the volume form and 2 is the Laplacian on the eightfold. Such solutions were studied in [10, 11] . For vacuum solutions m = 0 and if X 8 is trivial, we can choose H to be a harmonic function on the eight-fold. In fact, a constant H will then be a solution, whence we get a product manifold with metric
. However, if the holonomy of the eight-manifold is non-trivial, the anomaly term may not vanish, and H = constant is not a solution anymore. This can be interpreted as a distribution of background charge over the eight-fold, induced by the anomaly term.
As we will see, a smooth solution for H can be found even when the four-form G 4 is not turned on. However, such solutions fail to have a good AdS/CFT interpretation since the solution has a curvature scale of order l p and supergravity is not a good description. To get a good gravity description, we can turn on background fluxes through G 4 which is an (anti) self-dual four-form, supported on the special holonomy space, such that the length scale associated with the metric is everywhere ≫ l p .
In what follows, we will study specific examples of transverse eight manifolds to be (i) two different manifolds of Spin (7) holonomy (one is the original one [24, 25] with AC structure and another set, recently constructed in [27, 28] , has ALC structure) where the (2+1)-dimensional field theory has N = 1 SUSY, (ii) T * S 4 , with Stenzel metric, which has SU(4) holonomy, and the (2+1)-dimensional field theory on the world volume of the M2-brane has N = 2 SUSY.
Resolved M2-brane and Spin(7) holonomy
In this section, we will find explicit M2-brane solutions when the transverse space is a manifold of Spin (7) holonomy. As such, there is one covariantly constant spinor on the manifold and the corresponding holographic (2+1)-dimensional field theory has N = 1 supersymmetry. We consider the general Ansatz for a Spin(7) manifold introduced in [27] , with special cases yielding metrics constructed in [24, 25] :
where h, a, b and c are functions of a radial coordinate r, µ i parameterize an S 2 and satisfy µ i µ i = 1,
and
The 1-form A i is the SU(2) Yang-Mills instanton on S 4 . In terms of coordinates (θ, ψ) on S 2 , we have
The Vielbeine are given bŷ
where e α , with α = 4, 5, 6, 7, is an orthonormal basis of the tangent-space 1-forms on the unit S 4 . The spin connection ω ab satisfying de a + ω a b ∧ e b = 0 and the curvature two form Θ ab = dω ab + ω a c ∧ ω cb for this are given in Appendix A. In what follows, we will study two cases of such manifolds with Spin(7) holonomy.
Old Spin(7) holonomy space
For the special case when a = b, the Ansatz given in (7) reduces to [24, 25, 26] :
where we have used the relation
Conditions for Ricci flatness and Spin(7) holonomy for this Ansatz have the following solution [24, 25, 26] :
This metric is a resolution of a cone with a squashed seven sphere base. (Indeed, when l = 0, (14) becomes ds
The space is asymptotically conical (AC) with the principal orbits S 7 , viewed as an S 3 bundle over S 4 .
Singular cone (l = 0): By placing M2-branes at the tip of this cone and taking an appropriate scaling limit, we can arrive at a correspondence between M-theory on AdS 4 × S
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Squashed and the N = 1 field theory living on the world volume of such M2-branes. The scaling limit corresponds to looking for the solution to the equation of motion 2H = cδ(r) which approaches zero asymptotically. Notice that there is a δ function source term on the right hand side of the EOM. The solution thus obtained is H = Resolved cone with Spin (7) holonomy (l = 0): We will now find M2-branes solutions with transverse space a smooth Spin (7) holonomy manifold given by (14) , arising from resolution of the conical singularity by replacing the singular "tip" of the cone by a bolt. As we will discuss later, such smooth solutions are gravity dual of N = 1 field theory living on the world volume of the M2-branes perturbed with relevant operators (associated with the pseudoscalar fields of the dual field theory [15] ). We will first look for vacuum solutions, i.e. solutions with no four-form flux turned on (m = 0). There is, however, a four-form bulk charge induced by the anomaly term X 8 which is now non-zero: 
The equation of motion (6) can be solved explicitly and details are given in Appendix B. The solution is in general is singular at r = l. However, we can remove this singularity and find a smooth solution if we choose a specific integration constant as discussed in Appendix B. The full regular solution is 
As is usual in the AdS/CFT correspondence, we will choose c 2 = 0. The space is asymptotically AdS 4 × S 7 squashed . The length scale of AdS is O(l p ) so we cannot trust supergravity.
We can, however, get an AdS radius ≫ l p , by turning on an anti-self-dual harmonic four-form [10] :
Now the equation of motion (6) for H has a source term arising from G 4 as well as X 8 . Solving for H [10], we find a smooth solution which near r ≈ l and r → ∞ behaves:
1
The function H approaches a constant at r = l.
As r → ∞:
H This solution is supposed to describe the gravity dual of the theory living on the world volume of N M2-branes placed at the conical singularity perturbed by relevant operators, whose conformal dimension is determined by the subleading term [15] in the harmonic function. Note that the term proportional to β does not contribute at this subleading order. On the other hand the leading term in the harmonic function indeed gives an AdS 4 × S 
The metric has no horizon, implying the existence of a mass gap in the dual field theory.
New Spin(7) holonomy space: B 8
In [27, 28] , new metrics of Spin (7) holonomy, whose structure is asymptotically locally conical (ALC), were found by starting with the Ansatz (7), and allowing for the S 3 fibers of the old Spin(7) construction themselves to be "squashed". Namely, the S 3 bundle is itself written as a U(1) bundle over S 2 . The general two-parameter metrics were given analytically (up to quadratures) and analyzed in [27, 28] . We will use one explicit example from these new metrics, namely the manifold labeled B 8 in [27] . For this manifold, solution to the Spin(7) conditions is:
We calculate the spin connection ω ab and the curvature two form Θ ab in Appendix A. 
In addition, we turn on a self-dual four-form [ Some field theory aspects of the original M2-brane solution with this Spin(7) holonomy transverse space were studied in [18] . In [27] the fractional M2-brane (m = 0, β = 0) and a relation to the fractional D2-brane, which is obtained via a reduction along the S 1 isometery of the Spin(7) holonomy space, was discussed. Namely, due to the ALC structure of the space there is now a conserved magnetic M2-brane charge ∝ S 4 G 4 . With β = 0 our results for the harmonic function demonstrate that the gravitational Chern-Simons corrections contribute to the leading as well as the subleading terms, along with the terms ∝ m 2 , but with the alternating relative signs.
M2-branes with transverse space T * S 4
Ricci-flat Kähler metrics on T * S n+1 were constructed for general n by Stenzel [19] . Those are asymptotically conical spaces with the principal orbits described by a coset space SO(n + 2)/SO(n).
The case of n = 2 corresponds to the deformed conifold with metric given originally by Candelas and de la Ossa [8] . Such spaces are asymptotically conical. We will specifically be interested in the case n = 3 when the Einstein Sasakian seven manifold is V 5,2 = SO(5)/SO(3). The (2+1)-dimensional field theory living on the world volume of M2-branes with transverse space T * S 4 with SU(4) holonomy Stenzel metric has N = 2 supersymmetry in three dimensions. In the following, we find explicit M2-brane solutions with transverse space T * S 4 , taking into account the gravitational Chern-Simons σ-model anomaly corrections. We follow closely the notation and the explicit form of the metric for the eight-manifold as given in [11] .
We define left invariant 1-forms L AB on the group manifold SO(n+2). By splitting the index as A = (1, 2, i) , we have that L ij are the left-invariant 1-forms are the SO(n) subgroup, and so the 1-forms in the coset SO(n + 2)/SO(n) will be
The metric takes the form (for n = 4):
We define the Vielbeine:
The functions a, b, c and h are given by
As r approaches zero, the metric takes the form
which has the structure locally of the product R 4 × S 4 , with R 4 corresponding to the "cotangent directions". As r tends to infinity, the metric becomes
representing a cone over the seven-dimensional Einstein space V 5,2 = SO(5)/SO(3). The spin connection ω αβ and the curvature two-form Θ αβ were given in [11] . Then, using the expression for Θ αβ in (3), the σ-model anomaly correction to the equations of motion X 8 can be calculated (Appendix B): 
In addition, we can turn on a harmonic four-form G 4 , which was explicitly derived in [11] and its magnitude is given by
The solution to the equation of motion (6) for H can be found exactly and is given explicitly in Appendix B. One of the two integration constants has been chosen to yield a non-singular solution. H has the following properties: 
where ρ is the proper distance defined as h dr = dρ. Again note that this solution describes a the gravity dual of the theory living on the world volume of N M2-branes placed at the conical singularity perturbed by relevant operators, whose conformal dimension is determined by the subleading term. Note that the term proportional to β does not contribute at this subleading order.
Conclusions
We have studied M2-brane solutions with special holonomy transverse space, taking into account the gravitational Chern-Simons corrections arising from the σ-model anomaly on the M5 brane world volume. For the cases when the transverse space has the (i) original AC Spin (7) holonomy space and (ii) Stenzel metric with SU(4) holonomy on T * S 4 , we have a clear interpretation as a deformation of the field theory on M2-branes placed at a conical singularity. Field theory living on the world volume of M2-branes placed at the tip of these cones is known for the Stenzel case [31, 32] (see also [33] for earlier work). The M2-brane solution with the resolved cone as the transverse space is perfectly smooth, and corresponds to adding a relevant operator to the dual field theory [15] . The solution has no horizon implying the existence of a mass gap in the field theory.
The gravitational Chern-Simons term effectively generates a bulk M2-brane charge. So for the asymptotically flat cases, the solution still approaches AdS 4 × X 7 . The AdS scale is set by the strength of the background four form turned on (m 2 ) and by the bulk charge generated through the eight-form anomaly. The leading correction to AdS 4 × X 7 asymptotically still arises from the background four-form. The gravitational Chern-Simons term contributes at higher order. Hence the interpretation of the gravity solution in terms of relevant operators remains as in [15] . The gravitational Chern-Simons term effects should correspond to 1/N effects in the renormalization group flow driven by addition of the relevant operator in the dual field theory.
A Spin connection, curvature and Ricci tensor for Spin(7) holonomy metric
In this appendix we calculate the spin connection, curvature two-form and the Ricci tensor components for the metric in (7) with the veilbein given by (11) .
The spin connectionω ab satisfying dê a +ω a b ∧ê b = 0 is given by:
where ω ab is the spin connection on the S 4 .
Θ ab
The curvature two-form Θ ab = dω ab +ω ac ∧ω cb can be computed by using the spin connection calculated above:
, ∇ γ is the Riemannian covariant derivative on S 4 . Θ αβ = e α ∧ e β is the curvature two-form on S 4 . The non-zero components of the Ricci tensor in the orthonormal basis R ab = R acb c are Two of the Ricci flat metrics with cohomogeneity one [11, 25] , are The solution is regular at r = l if we choose the integration constant c 1 = −(163691/4× 10 6 )β, and it then tends to a finite constant. In fact the full regular solution is given by The ALC Spin (7) holonomy metric on B 8 [27, 28] is given in (A.5) and X 8 is found in (22) . Eq. (6), with m = 0 then takes the form: where c 2 is an integration constant, and F (φ|m) is the incomplete elliptic integral of the first kind, i.e., where ρ is the proper distance defined as h dr = dρ. We can see that there is no divergence at large distance and the M2-brane has a well-defined ADM mass.
